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∗
We have omputed the eletroni and hole spetra of a 3D superlattie onsisting of layers of
GaAs rods of nite height arranged in a hexagonal lattie and embedded in an AldGa1−dAs matrix,
alternating with spaer layers of homogeneous AlAs. The spetra are alulated in the envelope
funtion approximation, with both light-hole and heavy-hole subbands and hole spin degeneray
taken into aount. The appliation of thik spaers allows to investigate the band struture of
isolated layers of ylindrial rods. We estimate the ultimate eieny of solar energy onversion in
a solar ell based on an array of ylindrial quantum dots versus the dot height, and determine the
optimal value of this parameter.
PACS numbers: 73.21.Cd, 84.60.Jt
Keywords: intermediate band solar ell, superlatties, energy spe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I. INTRODUCTION
Systems with intermediate energy bands between the
valene band and the ondution band oer an inreased
eieny of onversion of solar energy into eletriity
1
.
The theoretial ultimate eieny limit in solar ells with
a single intermediate
2,3
band is about 68%
4
, muh above
the ultimate eieny limit, estimated at 42%
5
, in sys-
tems without intermediate band.
One of the methods used for generating extra energy
bands onsists in introduing an additional periodiity
exeeding that of the rystal lattie. This is used in semi-
ondutor superlatties
4,611
, in whih the system is a
heterostruture with dots, rods or layers of a semiondu-
tor material arranged periodially in a matrix of another
material. If the period of the superlattie exeeds sub-
stantially that of the rystal lattie, the envelope funtion
approximation is appliable. In this ase, the paraboli
ondution band bottom and valene band top are as-
sumed to be split into a number of energy minibands.
In AldGa1−dAs, an alloy of zinblende struture, the
valene band top is omposed of bands of light and heavy
holes, in whih the spin degeneray is lifted for ertain
nonzero wave vetors (kz 6= 0). Thus, the struture of
minibands within the valene band is rather omplex
12
.
Sine the values of eetive mass of light and heavy holes
are relatively high ompared to those of eletrons, mini-
bands and minigaps in the valene band are muh nar-
rower than the gap between the ondution band and the
valene band. The struture of minibands in the ondu-
tion band is more transparent beause of the ourrene
of only one eletroni band (in a monolithi material)
split into relatively large minigaps and minibands in the
superlattie.
For typial values of lattie onstant of the superlattie
the lowest ondution miniband, lying below the matrix
material potential (i.e. in the potential well generated
by the dots or rods), is well detahed from the higher
minibands, whih tend to overlap. In our estimation of
solar ell eieny the lowest ondution miniband is as-
sumed to at as an intermediate band (IB), while the
minibands in the ondution band (CB) above it, as well
as the valene band (VB) as a whole, form ontinuous
bloks. The ultimate eieny determined in this study
refers to this type of band struture. The ultimate ef-
ieny reets how the band struture of the solar ell
mathes the solar spetrum, with inevitable losses in the
onversion of light quanta into eletriity due to the in-
omplete absorption of photons (quanta of energy below
the width of the narrowest bandgap are not absorbed in
the system) and thermalization proesses (a part of en-
ergy of photons above the bandgap width is dissipated in
thermal ontat with the lattie).
The objetive of this study is to determine the ele-
troni and hole spetra for an isolated array of ylindrial
quantum dots arranged in a hexagonal lattie. We inves-
tigate the superlattie spetrum versus the quantum dot
layer thikness (the height of the ylindrial dots). Next,
we alulate the ultimate eieny of a solar ell based
on the onsidered struture and examine its dependene
on the quantum dot layer thikness.
The paper is organized as follows. After this Introdu-
tion we disuss the geometry of a 3D superlattie of ylin-
drial dot arrays. Next, we present the eetive mass ap-
proximation applied to the desription of eletroni and
hole states in a heterostruture based on AlGaAs. Our
results, showing spetra of quantum dot arrays and the
ultimate eieny versus the array thikness, are dis-
ussed in a separate setion. This is followed by Conlu-
sions, whih lose the paper.
II. SUPERLATTICE GEOMETRY
Let us onsider a 3D lattie omposed of layers of ylin-
drial quantum dots arranged in a hexagonal lattie, as
shown in Fig.1. Ating as quantum wells, the quantum
2Figure 1. Struture of three-dimensional semiondutor su-
perlattie in ross setion (a) perpendiular and (b) parallel to
rod axes. Thik arrows in (a) and (b) indiate the position of
ross setion planes. Arrays of rods (bleak area, material A)
embedded in matrix (gray area, material B) are separated by
spaer layers (white area, material C). Dashed lines indiate
unit ell limits (in real spae); the rst BZ and the irreduible
part of it, is presented in (). R is a ylindrial rod radius, ~a1
and ~a2 are hexagonal lattie vetors (|~a1| = |~a1| = a ).
dots (made of GaAs) are embedded in a matrix material
(Al0.35Ga0.65As), whih represents a potential barrier for
both eletrons and holes. The layers of quantum dots
(quantum dot arrays) alternate with homogenous spaer
layers of AlAs. Thik spaer layers having a high poten-
tial barrier of AlAs imply the isolation of individual dot
layers.
III. MODEL
We use the eetive mass approximation to alulate
the eletroni and hole states, and assume the eletroni
bands do not interat with the bands of light and heavy
holes. The alulation of the eletroni spetrum is based
on the Ben Daniel Duke hamiltonian with spae-variable
eetive massm∗ and variable position of the ondution
band bottom EC
13
:[
−α
(
∂
∂x
1
m∗(r)
∂
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∂
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1
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∂
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∂
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Ψe(r) = EΨe(r),(1)
where α = ~/2me, me denotes the free eletron mass and
Ψe is an envelope of the eletron funtion. The determi-
nation of hole states requires taking into aount both
the light-hole and heavy-hole bands. Sine, in general,
the hole spin degeneray is lifted in a 3D system, four
omponents of the hole envelope funtion Ψh must be
taken into onsideration. Thus, the Shrödinger equa-
tion for the envelope funtion beomes
12
:
−


Pˆ + Qˆ 0 −Sˆ Rˆ
0 Pˆ + Qˆ Rˆ∗ Sˆ∗
−Sˆ∗ Rˆ Pˆ − Qˆ 0
Rˆ∗ Sˆ 0 Pˆ − Qˆ

Ψh(r)
= EΨh(r),
(2)
where
Ψh(r) =
(
Ψlh↑(r),Ψlh↓(r),Ψhh↓(r),Ψhh↑(r)
)T
. (3)
The indexes: hh and lh denote the omponents of enve-
lope funtion for heavy holes and light holes, respetively.
The symbols ↑ and ↓ distinguish bands related to oppo-
site z-omponents of spin. The elements: Pˆ , Qˆ, Rˆ, Sˆ of
matrix in Eq. 2 are given by the following formulae:
Pˆ = EV (r)
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. (4)
Luttinger parameters γ1, γ2, γ3 desribe the non-
isotropi eetive mass of light and heavy holes, and EV
is the position of the valene band top.
Figure 2 shows the spetrum of the 3D superlat-
tie alulated by the plane-wave method. For the pe-
riodi material parameters: m∗, EC , γ1, γ2,γ3, EV ,
Fourier transforms have been alulated analytially.
The number of reiproal lattie vetors in the expan-
sion in a series of plane waves is set so as to obtain
a satisfatory onvergene of results. The dispersion
relation is determined along the high-symmetry paths
Γ−K−M− Γ−A−H− L−A, K−H and M− L in
the rst Brillouin zone, shown in Fig. 1 .
In the alulation of all the eletroni and hole spe-
tra we have assumed the following values of material pa-
rameters in the dots (d = 0), the matrix (d = 0.35)
and the spaers (d = 1)14: m∗ = 0.067 + 0.083d,
EC = 0.944d, γ1 = 6.85 − 3.40d, γ2 = 2.10 − 1.42d,
γ3 = 2.90− 1.61d, EV = 1.519− 0.75d. The lling fra-
tion of dots in the matrix in the quantum dot layer was
xed at f = 2piR2/
√
3a2 = 0.3, and the lattie onstant
of the hexagonal superlattie at a = 50Å. The dot layer
thikness h2 and the spaer layer thikness 2h1 were ad-
justed so as to attain the limiting ase of either isolated
layers (2h1 ≫ h2) or innite ylinders (0 ≈ 2h1 ≪ h2).
3For quantum dots of typial size (see Fig. 2a) and
layers of typial thikness only the lowest eletron mini-
band is distintly detahed from the other minibands.
The ourrene of this miniband as an intermediate ex-
tra level taking part in optial transitions between the va-
lene band and the blok of higher ondution minibands
inreases the eieny of photon absorption. Besides the
diret transition, available also in monolithi materials,
between the valene band and the ondution band (VB-
CB), a asade transition valene band - intermediate
band - ondution band (VB-IB-CB) beomes available
as well. The power utilized by the photoonverter an be
evaluated as:
Pout = EG
[
I(EG,∞)
+min (I(EG − EI , EG), I(EI , EG − EI))
]
,
(5)
where
I(E1, E2) = 2pi(kBTS)
3/h3c2
∫ ξ(E2)
ξ(E1)
ξ2dξ
eξ − 1 ,
ξ(E) = E/kBTs (6)
denotes the ux of photons of energy ranging from E1 to
E2; EG and EI are the width of the gap between VB and
CB and the distane between the IB bottom and the CB
top, respetively; kB is the Boltzmann onstant, and TS
is the temperature orresponding to the maximum of the
solar spetrum. The ultimate eieny of the solar ell
is dened as the ratio of the utilized power Pout to the
power Pin of the inoming photon ux:
η =
Pout
Pin
, (7)
where
Pin = 2pi
5(kBTs)
4/15h3c2, (8)
denotes the power of the ux of photons emitted by a
blak body at temperature TS .
IV. RESULTS
Figure 2 shows the eletroni spetra of the quantum
dot superlattie depited in Fig. 1, alulated for dier-
ent values of thikness h2 of the dot layers and thikness
2h1 of the spaer layers. The spetra shown in Fig. 2a
and b orrespond to systems with relatively thik spaer
layers (2h1 = 100Å), whih implies the dot layers are iso-
lated from one another. In this ase eletrons are bound
within the layer and only allowed to propagate in the x−y
plane. Along the paths Γ−A, K−H and M− L (propa-
gation in the z diretion) the relation E(k) is nondisper-
sive due to the restrition (binding) of the eletron mo-
tion in the layer. Dispersion only ours when the ele-
tron energy exeeds the barrier generated by the spaer
(the barrier level is represented as a horizontal dashed
Figure 2. The eletroni spetra of the system presented in
Fig. 1, with GaAs rods (material A) and Al0.35Ga0.65As ma-
trix (material B), for lling fration f = 0.3 and lattie on-
stant a = 50 Å in the quantum dot layers. The spetra in (a)
and (b) orrespond to a system with almost isolated layers
(spaer width 2h1 = 100Å). The dispersive branhes orre-
sponding to the propagation along the rod axis are at below
the barriers in spaers (made of AlAs, material C). The higher
number of modes resulting from a denser quantization along
the rod axis (for longer rods, (b)) auses minigaps to lose.
The limit of innite rods () is approahed by using long rods
and thin spaers (2h1 = 0.2Å). The paraboli dispersion re-
lation is seen to fold in the rst BZ for free motion along the
rod axis. Red dashed line represents the dispersion relation
in the 2D rod array model (when the motion along z-axis is
not inluded.
line in Fig. 2). In a single isolated layer the eletron mo-
tion in the layer plane (the x−y plane) and that in the di-
retion perpendiular to it (the z diretion) are nearly in-
dependent, as a onsequene of the separability of the ef-
fetive potential
15
: EC(x, y, z) = EC,x−y(x, y) + EC,z(z)
4(a strit separation of variables in (1) requires the sep-
aration of variables also in the inverse eetive mass
16
).
Hene, the total eletron energy is, approximately, the
sum of the energy Ex−y of the eletron motion in the 2D
periodi potential in the layer and the energy Ez of the
eletron motion bound in a 1D well of width equal to the
layer thikness. This is illustrated in Fig. 2, in whih
individual minibands are seen to form through a shift of
minibands (represented as red dashed lines) orrespond-
ing to the motion in the 2D potential EC,x−y in the layer
by the energy levels in the 1D potential well EC,z(z) (or-
responding to the position of non-dispersive minibands
on the path Γ−A, where kz 6= 0 and kx−y = 0). The ef-
fet is illustrated in Fig. 2b, in whih the shift of the rst
and the seond 2D minibands is indiated by dashed and
dotted arrows, respetively; solid arrows indiate the en-
ergy levels Ez orresponding to the non-dispersive mini-
bands on the path Γ− A.
The spetra presented in Fig. 2a and b orrespond to
strutures of dierent quantum dot array thikness. As
the height of dots inreases, the number of bound states
in the system grows as well. This translates into an in-
reased number of minibands, and their denser overage
of the same energy range. As a result, for dot arrays thik
enough (Fig. 2b) all the eletroni minibands, inluding
the lowest one, form a ontinuous blok. For the onsid-
ered struture to provide a basis of a high-eieny solar
ell, the dot array thikness should be limited so that the
minigaps do not lose.
Figure 2 shows the superlattie spetrum for strongly
interating dot arrays. As the spaers are very thin
(2h1 = 0.2Å), the system an be regarded, with quite
good approximation, as a superlattie with ylindrial
rods of innite length. In a 2D eetive potential gener-
ated by this type of struture the eletron motion along
the z diretion is free. This is evidened by the paraboli
dispersion relation along paths Γ−A, K−H and L−M,
artiially folded to the rst BZ. In an unfolded BZ the
miniband struture for kz = 0 will be idential with that
of the 2D superlattie (red dashed line).
In order to estimate the ultimate eieny of the solar
ell we must know the distane EI between the bottom
of the intermediate band (the rst ondution miniband)
and the bottom of the ondution band (the ontinuum
formed by the minibands above the matrix potential), as
well as the gap EG between the valene band and the
ondution band (see Fig. 2a). We have determined
both by investigating the position of absolute minigaps
and minibands versus dot array thikness h2 (see Fig.
3a). The alulations were performed for large spaer
thikness, 2h1 = 100Å, ensuring a suient isolation of
the quantum dot arrays. The resulting plot of ultimate
eieny versus dot array thikness is shown in Fig. 3b.
All the minibands are easily seen to shift towards
higher energies with dereasing h2. This is aused by
an inrease in energy omponent Ez related to the quan-
tization in the z diretion. The eieny of the solar
ell is in this ase mainly limited by the small shift EI
Figure 3. (a) The absolute eletroni energy bands (the gray
area) and gaps (white area) versus rod length h2. (b) The
ultimate eieny versus h2, for parameter values adjusted
so as to apply the isolated layer approximation. The insets in
(b) present the strutures in ross setion along rod axis.
of the intermediate band with respet to the ondution
band. Thus, hanges in width of the gap between the IB
and the CB translate diretly into hanges in ultimate
eieny of the solar ell. The widest gap orresponds
to dot array thikness h2 ≈ 50 Å and implies maximum
ultimate eieny of the solar ell based on the struture
under onsideration. As evidened in Fig. 2a, the maxi-
mum gap width entails the overlap of the two minibands
originating from the rst and the seond minibands in
the 2D dispersion relation. The gap loses, and the IB
merges into the CB, for h2 ≈ 72Å, as a result of redued
spaing between energy levels Ez and the large number
of minibands in the system.
V. CONCLUSION
The thikness of the dot array has a substantial eet
on the eletroni spetrum of the struture onsidered in
this study. With dot arrays thik enough, the eletroni
minibands aused by the in-plane periodiity are seen to
lose as a result of a large number of overlapping mini-
bands. This is due to the dense quantization along the
diretion perpendiular to the layer. The eieny of a
solar ell using a quantum dot array, for strutures based
on AlGaAs, is mainly limited by the narrow minigaps in
the ondution band. The ultimate eieny dereases
as the minigaps gradually lose as a result of growing
dot array thikness. The dot array thikness optimal
5from this point of view orresponds to the widest mini-
gap; thus, for a hexagonal lattie of GaAs dots embedded
in Al0.35Ga0.65As with lling fration f = 0.3, the opti-
mal dot array thikness is h2 = 50Å, equal to the lattie
onstant of the 2D heterostruture.
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